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A
mong known elements in nature,
few can exhibit multiple forms of
low-dimensional allotropic struc-

tures, such as quasi-0D cage molecules,
quasi-1D nanotubes, or quasi-2D sheets.
Carbon is an exception as all three low-
dimensional allotropes of carbon, including
0D fullerenes,1 1D carbon nanotubes,2 and
2D graphene monolayer sheet,3 have been
isolated in the laboratory. In fact, gra-
phene, a monolayer of carbon with a hon-
eycomb lattice structure, is the first planar
(i.e., unbuckled) sheet revealed in nature. A
rising question is whether there are other
elements in nature that can possess free-
standing monolayer allotropes. Silicon,
one of nearest-neighbors of carbon in the
periodic table, cannot exhibit stand-alone
unbuckled monolayer structure due to
the tendency of forming sp3-hybridized Si
bonds. To date, free-standing quasi-0D
and -1D allotropes of silicon have not been
isolated in the laboratory. Many experimen-
tal studies and ab initio calculations have
shown that hollow cages of silicon are un-
stable, although some small-sized cages can
be stabilized by an endohedral metal atom or
a metal cluster.4�7 Likewise, single-walled
silicon nanotube can be stabilized by an
endohedral metal chain8 or can form within
a cylindrical nanopore.9 Moreover, although
a free-standing monolayer of silicon (e.g.,
silicene) is unlikely flat, bilayer hexagonal
silicon has been predicted to be flat and the
planar structure canbe ametastable structure
and can form within a slit nanopore as sug-
gested from a previous classical molecular
dynamics simulation.10

Boron is possibly the second element that
can possess multiple low-dimensional allo-
tropes. Indeed, previous theoretical predictions
by Boustani11,12 suggested that small-sized
boron clusters exhibit quasi-planar structures,
which were later confirmed experimentally by

Wang, Boldyrev, and their co-workers.13�17

These studies havemotivated increasing inter-
ests in seeking new nanostructures of boron,
such as boron cage molecules (or boron
fullerenes).18�24 An early prediction25,26 of the
structural transition from quasi-planar to
double-ring tubular structures for small-sized
boron clusters has also been confirmed
by experiments or by high-level ab initio

calculations.27�29 The most important experi-
mental evidence of the existence of a low-
dimensional allotropeof boron is the successful
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ABSTRACT

Boron, a nearest-neighbor of carbon, is possibly the second element that can possess free-

standing flat monolayer structures, evidenced by recent successful synthesis of single-walled

and multiwalled boron nanotubes (MWBNTs). From an extensive structural search using the

first-principles particle-swarm optimization (PSO) global algorithm, two boron monolayers

(R1- and β1-sheet) are predicted to be the most stable R- and β-types of boron sheets,

respectively. Both boron sheets possess greater cohesive energies than the state-of-the-art

two-dimensional boron structures (by more than 60 meV/atom based on density functional

theory calculation using PBE0 hybrid functional), that is, the R-sheet previously predicted by

Tang and Ismail-Beigi and the g1/8- and g2/15-sheets (both belonging to the β-type) recently

reported by Yakobson and co-workers. Moreover, the PBE0 calculation predicts that the

R-sheet is a semiconductor, while the R1-, β1-, g1/8-, and g2/15-sheets are all metals. When

two R1 monolayers are stacked on top each other, the bilayer R1-sheet remains flat with an

optimal interlayer distance of ∼3.62 Å, which is close to the measured interlayer distance

(∼3.2 Å) in MWBNTs.

KEYWORDS: boron monolayer sheet . hybrid density functional .
interlayer distance . double-walled boron nanotube
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synthesis of single-walled boron nanotubes (SWBNTs)
and multiwalled boron nanotubes (MWBNTs).30,31 In
particular, high-resolution transmission electron mi-
croscopy (HRTEM) experiments have revealed that
the spacing between two adjacent layers of MWBNTs
is about 3.2 Å.31 Furthermore, previous experimental
measurement and theoretical calculation have shown
that the BNTs are highly conductive,31,32 indicating
that boron sheets, if they exist, are likely metallic. Like
carbon nanotubes (CNTs), a SWBNT can be viewed as
rolling up a boron monolayer sheet, while a MWBNT
can be viewed as rolling up a multilayered sheet. To
date, the exact atomic structure of the boron mono-
layer sheet has not been determined from experi-
ments, except an indirect evidence of the interlayer
distance within MWBNTs being 3.2 Å. The latter sug-
gests that the interlayer interaction is likely van der
Waals (vdW) type rather than covalent. Nevertheless,
various crystalline structures of buckled and unbuckled
monolayer structures of boron, which include the
R-sheet,33�35β-sheet,33,34γ-sheet,36g1/8- andg2/15-sheets

(see below),37 triangular sheet, or graphene-like hexago-
nal sheet, have been predicted from previous ab initio

computations. All of these boron sheets can be con-
structed by carving different patterns of heagonal holes
within the triangular sheet, and their area densities can be
described by a global density parameter, η,33,34 which is
defined as the ratio of number of hexagon holes to the
number of atomic sites in the pristine triangular sheet
within a unit cell of the decorated boron sheet. Among all
of the boron monolayer sheets reported thus far, Tang
and Ismail-Beigi33,34 showed that theR-sheet (withavalue
of η = 1/9) is possibly the best candidate for the most
stable boronmonolayer sheet because it has the greatest
cohesive energy per atom (in DFT calculation) than other
monolayer sheets. Recently, Yakobson and co-workers
demonstrated through a cluster-expansion method that
the 2D boron sheet is very likely to exhibit polymorphism,
namely, multiple 2D structures with comparable
stabilities.37 In particular, they presented two new boron
sheets that are predicted to be the ground-state struc-
ture for η = 1/8 and 2/15 group.37 Hereafter, we

Figure 1. Top view of various low-energy structures of (a) δ-, (b) χ-, (c) R-, and (d) β-type boron monolayer sheets. Red and
yellow balls denote boron atoms moving outward or inward from the plane, resulting in buckled boron sheets.
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name the two new ground-state boron sheets as
g1/8- and g2/15-sheets. The aim of this study is to
utilize first-principles-based global research to seek
new lowest-energy polymorphs of the 2D boron
sheets. Our search yields two highly stable boron
monolayer sheets, namely, R1-sheet and β1-sheet,
both with a value of η = 1/8. The two boron mono-
layers possess greater cohesive energies (by more
than 60 meV/atom based on structural optimization
using the PBE0 hybrid functional) than the R-sheet
previously predicted by Tang and Ismail-Beigi33,34

and the g1/8- and g2/15-sheets (both belonging
to the β-type) recently reported by Yakobson and
co-workers.37

RESULTS AND DISCUSSION

The η parameter defined above is a global structural
parameter to describe area density of hexagon holes.
In addition, a local structural parameter, that is, the
coordination number (CN) of boron atoms is used here
to classify boron monolayer sheets into various types,
such as (1) R-type, CN = 5, 6; (2) β-type, CN = 4, 5, 6; (3)
χ-type, CN = 4, 5; (4)ψ-type, CN = 3, 4, 5; and (5) δ-type,
a single value of CN. For example, a buckled triangle
sheet has CN = 6, hence named as δ6-sheet; the
graphene-like honeycomb sheet has CN = 3, hence
named as δ3-sheet (Figure 1a). Overall, 9000 boron
sheet structures are generated from the structural
search based on the PSO algorithm. In Table 1, we list
the calculated cohesive energies per atom Ec (PBE and
PBE0), η values, number of boron atoms per unit cell n,
and ratios in number of atoms with CN = 4, 5, 6 for the
low-energy boron monolayer sheets studied.

δ-Type and χ-Type Boron Sheets. In Figure 1a, δ4- and
δ5-sheets are also plotted; the former has a value of η =
1/4 and is structurally identical to the B2C sheet
reported previously,38 while the latter is previously
named as the B(1/7) sheet33,34 with a value of η =
1/7. The honeycomb δ3-sheet has the smallest cohe-
sive energy of 4.877 eV (in PBE calculation, consistent
with previous PBE calculation39), indicating that the
graphene-like structure is energetically unfavorable for
boron. The buckled triangular δ6-sheet is more stable
than δ3-sheet and δ4-sheet (see Table 1a). The δ5-sheet
has the greatest cohesive energy among the four δ-
type sheets, and it is planar, implying that boron atoms
with CN = 5 are likely prevailing in low-energy boron
sheets. Previous theoretical studies have shown that
some boron sheets such as δ6-sheet are buckled due
to the σ�π mixing,33,34 while others such as δ3- and
δ5-sheets prefer planar (unbuckled) shape.

For the χ-type sheets (Figure 1b and Figure S2 in the
Supporting Information), boron atoms have CN of
either 4 or 5. The χ1-sheet appears to be the most
stable among the four χ-type sheets (Table 1a).
Although χ3-sheet has the largest fraction of boron
atoms with CN = 5, and χ2-sheet has the least fraction
of boron atoms with CN = 4; both sheets are energet-
ically less favorable than the χ1-sheet, suggesting that
an optimal mix of boron atoms with CN = 4 and 5
would be energetically favorable.

Boron Sheets: r-Type. Boron atoms in R-type sheets
(Figure 1c and Figure S1) have CN of either 5 or 6, and
the sheets generally have greater cohesive energies
than δ-type and χ-type sheets. Previously, it has been
shown that the R-sheet33,34 has the greatest cohesive
energy based on PBE calculation (see Table 1b). How-
ever, as shown in Figure 2b, the calculated phonon
spectrum of the R-sheet exhibits negative phonon
frequencies. The largest negative frequency amounts
to about �72 cm�1 near the M(0.5 0.0 0.0) k-point.

TABLE 1. Computed Cohesive Energy per Atom, η Values,

Number of Boron Atoms per Unit Cell (n), and Ratios of

Number of Atoms with CN = 4, 5, 6 for (a) δ-, χ-, and
ψ-Type and (b) R- and β-Type Boron Monolayer Sheets

(see Figure S1) (Greatest Cohesive Energy in PBE and

PBE0 Calculations Is Highlighted in Bold)

(a)

boron sheet Ec (PBE) η n

ratios of CN

(4:5:6)

δ3 4.877 1/3 2
δ4 5.384 1/4 3
δ5 (ref 34) 5.684 1/7 6
δ6 (buckled) 5.662 0 1
χ1 5.740 3/17 14 2:5:0
χ2 5.740 1/6 10 1:4:0
χ3 5.723 1/5 4 1:1:0
χ4 5.660 1/6 10 1:4:0
χ5 5.638 6 1:2:0
ψ 5.483 1/4 6

(b)

boron sheet Ec (PBE) Ec (PBE0) η n

ratios of CN

(4:5:6)

R (ref 34) 5.760 5.582 1/9 8 0:3:1
R0 (buckled) 5.762 5.619 1/9 8 0:3:1
R1 5.732 5.718 1/8 14 0:6:1
R2 5.744 5.581 1/8 14 0:6:1
R3 5.735 5.528 1/9 8 0:3:1
R4 5.696 1/11 10 0:3:2
R5 (ref 34) 5.629 1/12 11 0:6:5
β (ref 34) 5.651 5.560 1/8 7 2:2:3
β1 5.746 5.678 1/8 14 1:4:2
β2 (buckled) 5.743 5.649 1/7 12 1:4:1
β3 (buckled) 5.737 5.639 1/6 10 2:2:1
g1/8 (β4) (ref 37) 5.747 5.617 1/8 21 2:5:14
g2/15 (β5) (ref 37) 5.740 5.612 2/15 26 2:3:8
β6 5.734 5.600 1/6 10 2:2:1
β7 5.736 5.573 1/7 12 1:4:1
β8 5.724 1/9 8 1:1:2
β9 5.719 1/6 12 1:10:1
β10 5.718 1/8 7 2:2:3
β11 5.712 1/6 10 3:6:1
β12 (ref 36; original γ-sheet) 5.712 1/6 5 2:2:1
β13 5.702 1/6 10 2:2:1
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The eigenvectors of the negative frequency mode
manifest an out-of-plane bending vibration. After
new structural relaxation to remove the negative
frequencies, the R-sheet becomes slightly buckled,
hereafter named the R0-sheet. As shown in Table 1b,
the R0-sheet has a greater cohesive energy than the R-
sheet based on PBE and PBE0 calculations. In the
R0-sheet, every two adjacent boron atoms with CN =
6 move inward and outward from the plane, and the
vertical distance from the plane is about (0.17 Å. Due
to the weak buckling, the lattice constants a and b of
the R0-sheet (5.046 and 5.044 Å) are slightly smaller
than those of the R-sheet (5.050 and 5.050 Å). The R-
sheet has received much attention not only because it
has been the best candidate for the lowest-energy
boronmonolayer sheet but also because its structure is
closely related to the boron buckyball B80.

18�22 It is also
noteworthy that although the calculated band structure

and density of state (DOS) based on PBE functional
suggest that R- and R0-sheets are metallic (Figure 2c),
the hybrid PBE0 calculation suggests that both R- and
R0-sheets are semiconductingwith an indirect band gap
of 1.40 and 1.1 eV, respectively (Figure 2d).

It is well-known thatDFT inGGA functionals (such as
the PBE functional) tend to underestimate the energy
gaps. Specifically, several small band gap semiconduc-
tors, such as Ge, GaSb, InN, InAs, and InSb, are pre-
dicted to be quasi-metallic on the basis of the PBE
functional.40 This has been attributed to their inherent
lack of derivative discontinuity41 and to the delocalization
error.42Mucheffort hasbeendevoted to resolve this band
gap problem, such as using the GW approximation,43

time-dependent DFT,44 exact exchange,45 hybrid and
screened hybrid functionals,46�48 or modified Becke�
Johnsonpotentials.49Although thePBE0 result ofR-sheet
differs from previously reported results in trend,33,34,37

Figure 2. (a) Top view of R-, R0-, and R1-sheets. (b) Calculated phonon spectra for R-, R0-, and R1-sheets. Calculated electronic
band structures ofR-,R0-, andR1-sheets, basedon (c) PBE and (d) PBE0 calculation. The Fermi energy is set as zero. G, K,M(F), B,
and D correspond to the (0, 0, 0), (�0.333, 0.667, 0), (0, 0.5, 0), (0.5, 0, 0), and (0.5, 0.5, 0) k-points, respectively, in the first
Brillouin zone.
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it is believed that thePBE0 results shouldbemore reliable
than thePBE since thedescriptionof bandgap fromPBE0
has been proven to be more reliable than the PBE.50,51

Therefore, R- or R0-sheet is more likely to be small gap
semiconductor rather than a metal. In addition to the R-
sheet, our structural search also yields several low-
energy structures that belong to R-type. The top
three lowest-lying structures are within 40 meV (in
PBE calculation) in cohesive energy from the R-sheet
and are named as R1-, R2-, and R3-sheet (see
Table 1b). More importantly, R1-sheet, with a value
of η = 1/8, gives rise to the greatest cohesive energy
based on the PBE0 calculation, greater than those of
theR-sheet31 and the two new boron sheets recently
reported by Yakobson and co-workers37 (Table 1b).
Since the PBE0 hybrid functional has been reported
to be more reliable than the PBE functional for
computing cohesive energy of bulk materials,50,51

the predicted relative stabilities are entirely based on
the PBE0 results rather than the PBE results.

As indicated by Tang and Ismail-Beigi33,34 and con-
firmed by Yakobson and co-workers,37 boron sheets
with high stability should have the Fermi level located
within the gap of the in-plane derived projected
density of states (PDOS). As such, all of the in-plane
bonding states are filled, while none of the antibond-
ing ones is filled. In Figure S2a, we plot the in-plane and
out-of-plane derived PDOS for R1-sheet. Indeed, one
can see that the system is characterized by metallic
pz-derived band; specifically, the Fermi level lies within
the gap of in-plane PDOS, consistent with the conclu-
sion mentioned above, indicating that the R1-sheet is
possibly a boron sheet with the highest stability. Figure
S3 displays the computed iso-surface of charge density
for the topmost and the second topmost valence
bands that cross the Fermi level of the R1-sheet.

Figure 3. (a) Top viewof β1-, β2-, and β3-sheets. (b) Calculated phonon spectra for β1-, β2-, and β3-sheets. Calculated electronic
band structures of β1-, β2-, and β3-sheets, based on (c) PBE and (d) PBE0 calculation. The Fermi energy is set as zero. G, K, M, F,
B, and D correspond to the (0, 0, 0), (0.590, 0.400, 0), (0.410, 0.600, 0.0), (0, 0.5, 0), (0.5, 0, 0), and (0.5, 0.5, 0) k-points in the first
Brillouin zone, respectively.
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The morphology of the iso-surface is consistent with
the band structure calculation in that the R1-sheet is
metallic.

A special structural feature of R1-sheet is that every
center-occupied hexagon is isolated from each other.
As such, R1-sheet is perfectly flat. As shown in
Figure 2b, the calculated phonon spectrum of the
R1-sheet indicates that this new 2D crystalline struc-
ture of boron is stable without showing dynamical
instabilities (negative frequencies). The highest optical

phonon at Γ point for R1-sheet corresponds to a B�B
stretching mode with a frequency of 1167 cm�1, an
indication of relatively strong B�B bonding. As a com-
parison, the same phonon frequency is 1148 cm�1 for
R0-sheet. This slightly lower frequency is consistent with
slightly longer B�B bonds in R0-sheet due to buckling.
Calculated electronic band structures and DOS of
R1-sheet based on both PBE and PBE0 functionals are
shown in Figure 2c,d, which show that R1-sheet is
metallic. In summary, the newly predicted R1-sheet is
planar and metallic, and it is a leading candidate for the
most stable planar (or locally unbuckled) boron sheet;
weakly buckled R0-sheet is predicted to be semicon-
ducting and possibly is the best candidate for the most
stable buckled boron sheet.

Boron Sheets: β-Type. Boron atoms in β-type sheets
(Figure 1d and Figure S1) have CN of 4, 5, and 6. As a
result, much richer structures of β-type sheets are
obtained than δ-, χ-, and R-type sheets. The first (and
original) β-sheet was reported by Tang and Ismail-
Beigi.33,34 Later, Boustani and co-workers36 reported a
more stable β-type sheet, previously named as the
γ-sheet (or β10-sheet in this study; see Table 1b). Our
extensive structural search yields nine new low-energy
β-type sheets, all having greater cohesive energies
than both the original β- and γ-sheets. As shown in
Table 1b, their relative stabilities depend strongly on
the ratios of CN (4:5:6). In Figure 3a, the top three
lowest-energy sheets, named β1-, β2-, and β3-sheet, are
plotted. Calculated phonon spectra of β1-, β2-, and
β3-sheets are plotted in Figure 3b, showing that all
three sheets are stable without giving any negative
frequencies. The β1-sheet is predicted to be planar, and
it possesses the second greatest cohesive energy
based on PBE0 calculation (Table 1b). To confirm high

Figure 4. Side and top view of bilayerR0-sheet in (a) AA and
(b) AB stacking, (c) bilayer R1- and (d) bilayer β1-sheets.
Bilayer R0-sheet shows interlayer covalent bonds in either
AB or AA stacking. The two monolayer β1-sheets become
weakly buckled when forming the bilayer. The interlayer
distance for bilayerR0-sheet ranges from1.87 to 3.38Å inAB
stacking and from 1.82 to 3.51 Å in the AA stacking. The
interlayer distances for planar bilayerR1-sheet and β1-sheet
are 3.62 and 3.66 Å, respectively. Yellow balls in (a), (c), and
(d) represent the bottom layer.

Figure 5. Computed band structures and density of state based on (a) PBE and (b) PBE0 calculation for bilayer R0-, R1-, and
β1-sheets. The k-point lines are the same as those in Figures 2 and 3.
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stability of the β1-sheet, we also plot the in-plane and
out-of-plane derived PDOS in Figure S2b. Again, one
can see the Fermi level falling within the gap of in-
plane derived PDOS, implying that theβ1-sheet is also a
promising candidate for the lowest-energy boron
sheet. Note that β2- and β3-sheets are slightly buckled.
In the β2-sheet, two adjacent boron atoms with CN = 5
move inward and outward from the sheet plane, and
the vertical distance from the plane is about(0.048 Å,
smaller in magnitude than that of the R0-sheet. Calcu-
lated electronic band structures andDOS of the β1-,β2-,
and β3-sheets based on both PBE and PBE0 functionals
are shown in Figure 3c,d, and both calculations suggest
that β1-, β2-, and β3-sheets are all metallic. In summary,
β1-sheet is predicted to be another leading candidate
for the most stable planar boron sheet, while the
β2- and β3-sheets are predicted to be two additional
promising candidates for the most stable buckled
boron sheet.

The g1/8- and g2/15-sheets recently reported by
Yakobson and co-workers37 also belong to the β-type.
On the basis of the PBE0 calculations, the cohesive
energy per atom of the two sheets is ranked no. 4 and
no. 5, respectively (Table 1b). The calculated electronic
band structures and DOS of the g1/8- and g2/15- (or β4-
and β5-) sheets are shown in Figure S2, and their
phonon spectra are shown in Figure S4. Both PBE and
PBE0 calculations suggest that g1/8- and g2/15-sheets are
metallic, consistent with previous calculations.37

Bilayer r-, r0-, r1-, and β1-Sheets: Interlayer Distance and
Bonding. Interlayer distance of a bilayer can be ameasure
of interlayer interaction and also used for assessing the
tendency of buckling. A buckled sheet typically entails
stronger interlayer interaction than an unbuckled sheet.
Figure 4a�d displays both side and top views of geo-
metrically optimized bilayer R0-, R1-, and β1-sheets. For
geometric optimization of the three bilayers, the initial
interlayer distance is set greater than3.1Å. ADFTmethod
including dispersion correction (DFT-D2) is employed to
account for the weak vdW interaction between two
monolayer sheets (see Computational Methods section).
For R0-sheet, covalent-like B�B bonds are formed be-
tween twoR0-sheets. Two stackingpatterns for bilayerR0-
sheet are considered, namely, the AA stacking (Figure 4a)
and AB stacking (Figure 4b). The AB stacking is similar to
bilayer graphenewhere the center of empty hexagons in
one layer is located on top of the center of filled hexagon
of the opposing layer. For bilayer R0-sheet, the AB stack-
ing is energetically less favorable than the AA stacking by
4 meV per supercell (in PBE calculation). The interlayer
binding energy amounts to 0.145 eV/atom for the AA
stacking. The shortest and largest B�B distances be-
tween two opposing R0-monolayer are 1.82 and 3.51 Å,
respectively.

Like the monolayer R1-sheet, the bilayer R1-sheet is
flat, as well. Only the AB stacking is found to be stable,
with optimal interlayer distance being 3.62 Å, as shown

in Figure 4c. Note that this optimal distance is close
to the measured interlayer distance (∼3.2 Å) in
MWBNTs.31 The interlayer vdW interaction for bilayer
R1-sheet is ∼57 meV/atom based on the DFT-D2
calculation. Lastly, bilayer β1-sheet in the AB stacking
is still planar with the interlayer distance being 3.66 Å,
also close to the measured interlayer distance (∼3.2 Å)
in MWBNTs.31

Electronic band structures of three bilayers are
shown in Figure 5, where the band structure of bilayers
can be viewed as a combination of two constituent
monolayer sheets. Note that the interlayer covalent
B�B bonding of bilayer R0-sheet significantly changes
the sheet's electronic properties. In fact, bilayer
R0-sheet is predicted to be metallic (see Figure 5a,b),
although monolayer R0-sheet is predicted to be
semiconducting.

Figure 6. (a) Top view of a cross section of zigzag and
armchair R1-SWBNTs. (b,c) Side view of the geometric
structure, as well as computed band structures of (6,0)
and (4,4) R1-SWBNTs, respectively. The band structures
are computed based on both PBE and PBE0 functionals,
using the CASTEP 6.0 program. The Fermi level is denoted
with the red dashed line. G and X represent (0, 0, 0) and (0, 0,
0.5) k-points, respectively, in the first Brillouin zone.
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SWBNTs: Rolling up an r1-Sheet. Like singled-walled
carbon nanotubes (SWCNTs), SWBNTs can be also
viewed as rolled-up boron monolayer sheets.32�34 As
a proof of principle, we construct several zigzag and
armchair R1-SWBNTs by rolling up the R1-sheet in
different ways, following the construction method of
SWCNTs. Top and side views of optimized prototype
zigzag and armchair R1-SWBNTs are shown in Figure
6a,b, respectively. Interestingly, although R1-sheet is a
planar structure, its tubular structures are slightly
buckled. Calculated electronic band structures of
R1-SWBNTs suggest that R1-SWBNTs are all metallic,
regardless of their diameter and chirality. This result is
consistent with an experimental finding that as-
produced MWBNTs are metallic.30,31 Similar buckling
behavior was also seen previously in R-SWBNTs. How-
ever, Singh et al. found that R-SWBNTs are no longer
metallic but semiconducting if R-SWBNTs are
buckled.52 Since the R0-sheet is slightly buckled and
is more stable than the R-sheet, it is more likely that
R0-SWBNTs are also slightly buckled and are semi-
conducting. In Table 2,wepresent calculated formation
energies of R1-SWBNTs, defined as Eform= Etube/nc � μB,
where Etube is the total energy per unit cell of R1-SWBNT,
nc is the number of boron atoms in the unit cell, and μB
is the average cohesive energy per atom of the
R1-sheet. The formation energies of R1-SWBNTs de-
crease as their diameter increases, and the formation
energies range typically from few tens to few hundreds
of millielectronvolts per atom.

CONCLUSIONS

We have performed a first-principles-based global
research of lowest-energy structures of the 2D boron
sheets. Our search yields two highly stable boron
monolayer sheets, namely,R1-sheet andβ1-sheet, both
with a value of η = 1/8. We utilize the PBE0 hybrid
density functional since this functional has been pro-
ven to yield more accurate cohesive energies and
qualitatively correct band structure for nonmetallic
bulk materials than the conventional GGA/PBE
functional.50,51 Note that the PBE0 functional (see
Computational Methods) can yield consistent relative
stabilities among the low-energy neutral isomers of B20

(double-ring versus planar and compact structures) or
anionic isomers of B9

� as those predicted from the
high-level coupled-cluster calculations,29,53,54 whereas
the popular B3LYP hybrid functional has been shown
to be unreliable in predicting the relative stabilities for
the boron clusters.53,54 Interestingly, the B3LYP calcu-
lations still predict that R1- or R2-sheets are the two
most stable boron sheets among the five low-energy
sheets (see Table S2), consistent with PBE0 calcula-
tions. Another popular hybrid functional for comput-
ing band structures and band gap of bulk materials is
the HSE06 functional.47,48 Note also that the HSE06
functional is closely related to the PBE0 functional, for
which the exchange terms are divided into a short-
range and a long-range part. To minimize expensive
calculations of the long-range Hartree�Fock (HF) ex-
change, the latter is replaced by a long-range PBE
exchange term, Exc

HSE = Ex
HF,SR(μ)/4 þ 3 � Ex

PBE,SR(μ)/
4 þ Ex

PBE,LR(μ) þ EC
PBE, where the screened parameter

μ = 0.207/Å is determined from benchmark tests of
molecules and bulk materials.47,48 Hence, we expect
that relative stabilities predicted from the HSE06 cal-
culation would be similar to those from the PBE0
calculation.
The present PBE0 calculation predicts that the R-

sheet is a semiconductor, whereas the PBE calculation
predicts it is ametal (the GGA/PBE calculation is known
to underestimate the band gap of semiconductors).
The PBE0 calculations also show that the R1-sheet not
only has greater cohesive energies than the R-sheet by
more than 130meV but also is more stable (by 100meV)
than the state-of-the-art g1/8- and g2/15-sheets. When
building a bilayer with either the R- or R0-sheet (the
weakly buckled R-sheet which itself is slightly more
stable than R-sheet), the bilayer R- or R0-sheet exhibits
covalent-like B�B bonding between two monolayers
and thus becomes strongly buckled. However, the
bilayerR1-sheet remains flatwith an interlayer distance
of 3.62 Å, close to the measured interlayer distance
(∼3.2 Å) of MWBNTs. The interlayer vdW coupling for
the bilayer R1-sheet is about 57 meV/atom, while
interlayer interaction for the bilayer R0-sheet amounts
to 14 meV/atom due to the formation of B�B bonds.
Hence, it would be easier to separate the bilayer
R1-sheet into two monolayer sheets than to separate
the bilayer R0-sheet. Our calculations suggest that R1-
sheet tends to form unbuckled or buckled MWBNTs
when rolled up, while R0-sheets might form boron
nanowires (BNWs) when rolled up. It is noteworthy
that Liu et al. observed in their experiment that
as-produced MWBNTs and BNWs actually coexisted
together. Hence, this experiment already implied that
2D boron sheets tend to form polymorphs, consistent
with the previous37 and present theoretical studies.
Finally, in view of the fact that the R1-sheet, β1-sheet,
as well as the g1/8- and g2/15-sheets are all leading
candidates for the lowest-energy structures and all

TABLE 2. Computed Diameter (D), Band Gap (Egap; PBE

Calculation for All and PBE0 Calculation for (4,4) and (6,0)

Only), and Average Formation Energy per Atom (Eform) of

Armchair and Zigzag R1-SWBNTs (Number of Atoms per

Unit Cell (nc) Is Also Given)

SWBNT D (Å) band gap (eV) Eform (eV/atom) nc

(4,4) 6.4 0, metal 0.113 42
(8,8) 13.3 0, metal 0.039 86
(12,12) 19.5 0, metal 0.032 126
(6,0) 5.9 0, metal 0.110 42
(8,0) 7.7 0, metal 0.069 56
(10,0) 9.9 0, metal 0.066 70
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are predicted to be metallic, we speculate that the boron
monolayer sheets, regardless of detained geometric struc-
tures,may find application such as specialized electrode in

batteries or as lithium storage. This is because boron
nanostructures are known to bind lithium stronger,
compared to the carbon counterparts.

COMPUTATIONAL METHODS
Density Functional Theory Calculation. All cohesive energy data

reported in this study are based on the first-principles calcula-
tions within the framework of spin-polarized plane-wave
density functional theory (DFT), implemented in CASTEP 6.0
program.55�59 The ultrasoft pseudopotentials60 and the ex-
change-correlation functional in the form of Perdew�Burke�
Ernzerhof (PBE)61 within the generalized gradient approximation
(GGA) are selected for structural optimizations of all boron sheets.
The plane-wave cutoff is set to 500 eV. For geometric optimization,
both lattice constants and positions of atoms are relaxed. Upon
optimization, the forcesonall atomsare less than0.01eV/Åand the
criterion for total energy convergence is 5.0� 10�6 eV/atom. The
optimized lattice constants for boron sheets considered are sum-
marized in Table S1 (see Supporting Information). The vacuum
distance over any boron sheet in the supercell is set to be 30Å. The
Brilliouin zone is sampled using k-points with 0.02 Å�1 spacing in
the Monkhorst�Pack scheme.62

Relative stability and electronic band structures of top
candidates of lowest-energy boron sheets are further examined
using a spin-polarized hybrid functional PBE0,63 as implemen-
ted in CASTEP 6.0. The PBE0 functional combines PBE functional
with a predefined amount of exact exchange. For PBE0 calcula-
tion, the norm-conserving pseudopotential64 is used and the
plane-wave cutoff is set to be 489 eV. Because PBE0 calculation
is computationally very demanding, compared to PBE calcula-
tion, only positions of all atoms are relaxed while the lattice
constants of boron sheets are fixed to be those from the PBE
calculation. The forces on all atoms are optimized to be less than
0.03 eV/Å, and the criterion for total energy convergence
is 1.0 � 10�5 eV/atom. The Brilliouin zone is sampled using
k-points with 0.05 Å�1 spacing in the Monkhorst�Pack scheme.

For structural optimization of boron bilayers, a semiempi-
rical dispersion correction, represented by the Tkatchenko�
Scheffler (TS) scheme, is included to account for interlayer vdW
interaction more accurately.65 The cohesive energy of boron
sheet is defined as Ec = E(B atom) � E(boron sheet)/n, where
E(boron sheet) and E(B atom) are the total energy of the boron
sheet per unit cell and a single B atom, respectively; n is the
number of boron atoms in the unit cell.

Phonon Spectrum Calculation. Phonon spectra of several top
candidates of boron sheets are computed based a DFT pertur-
bation method with the linear response, implemented in the
QUANTUM ESPRESSO package.66 We did not choose the CA-
STEP 6.0 program for computing the phonon spectra because it
is computationally much more demanding. Again, the PBE
functional is used for the exchange-correlation energy func-
tional. The valence-ion interaction is described by ultrasoft
pseudopotentials. A plane-wave cutoff energy of 40 Ry and a
charge density cutoff of 400 Ry are adopted for the structural
optimization. ForR-,R0-, andR1-sheets, phonon frequencies are
calculated on 9 � 9, 9 � 9, and 6 � 6 uniform electron
momentum grids and 3 � 3, 3 � 3, and 3 � 3 phonon wave-
vector meshes, respectively.

Structural Searching. The particle-swarm optimization (PSO)
method within the evolutionary algorithm, as implemented in
CALYPSO code,67 is used to search for low-energy 2D boron
monolayer sheets. This method has successfully predicted new
highly stable 2D structures of boron�carbon sheets,68 as well as
high-pressure phases of boron,69 ice, and oxygen.70,71 In our
calculations, the population size is set to 50, and the number
of generations is maintained to be 30. The required structure
relaxations are performed using the PBE functional, as
implemented in VASP 5.272,73 (note that the CALYPSO code
has not been combined with the commercial CASTEP 6.0
program yet). Unit cells containing boron atoms of 4, 6, 8, 10,
12, and 14, respectively, are considered. Again, we note that the

CALYPSO/VASP computation is merely to produce initial struc-
tures of boron monolayers (>9000 structures). Cohesive ener-
gies of all the low-energy boron structures are computed using
the CASTEP 6.0 program.
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